Abstract: The formation of Saturn and its disk is simulated using a new N-body selfgravitational model. It is demonstrated that the formation of the disk and the planet is the result of gravitational contraction of a slowly rotated particle cloud that have a shape of slightly deformed sphere. The sphere was ®attened by a coe¯cient of 0.8 along the axis of rotation. During the gravitational contraction, the major part of the cloud transformed into a planet and a minor part transformed into a disk. The thin structured disk is a result of the electromagnetic interaction in which the magnetic forces acting on charged particles of the cloud originate in the core of the planet. The simulation program gives such parameters of Saturn as the escape velocity of about 35 km/s at the surface, density, rotational velocities of the rings and temperature distribution.
Introduction
The computer simulation methods are widely used for the study of formation mechanisms of galaxies and stars. Particularly, the modeling of self-gravitating N-body systems has been intensively studied during the last few decades. However, there are fewer applications to simulate formation of planets. Most computer simulation programs are based on smoothed particle hydrodynamic (SPH) code developed by Lucy [1] , Gingold and Monaghan [2] , and its modi¯cations developed by Heller and Shlosman [3] and Bekki [4] . The algorithm of the code was developed by Hernquist and Katz [5] . A semi-cosmological model was developed by Katz and Gunn [6] implementing a hierarchical force-calculation algorithm suggested by Barnes and Hut [7] . The SPH method considers°uid elements of a system of particles which evolves according to the dynamical equations based on hydrodynamic conservation laws in their Lagrangian form. Recently, a new chemo-dynamical SPH code was presented by Berczik [8] . The Eiler equation is also used for the calculation of the gravitational potential and enthalphy h [9] . The statistical methods might be helpful in the study of systems having very large number of particles [10] .
In this paper, we simulate the formation of Saturn and its disk using a new N-body model. Saturn's ring structure and chemical composition have been studied in detail during space missions [11, 13] . The formation of the ring structure was extensively investigated using collisional dynamics [14, 15] . Also analytical methods were used applying solutions of Boltzmann equation with collisional integral [16, 17] . A recent review on present knowledge of Saturn and its formation was reported by Esposito [18] . In our numerical approach, the dynamics of self-gravitating N-body systems are considered using Newtonian gravitational interaction [19] , conservation of angular momentum by applying Kepler's second law [20] to N bodies and thermodynamic adiabatic law. In addition, the electromagnetic interaction is included in the formation of the Saturn's structured disk. The dynamics of Saturn and its rings are described in detail in [21] . We assume that both the planet and its disk are formed simultaneously during gravitational contraction of a large cloud of particles. The initial rotation of the system is included because the result of the gravitational contraction is a rotating system. At initial time, the particles are randomly distributed within the deformed sphere and all particles of the n-body system have equal angular velocities. Although Jeans condition of the hydrodynamical equilibrium predicts instability for light systems such as Saturn [22] , the initial state of the cloud may exist when applying a di®erent approach. The Jeans condition deals with average density and pressure to characterise the hydro dynamical equilibrium state of the system. Suppose that the particles are localised in di®erent smaller clouds having sizes much smaller than the distances between them. Then the density can be described by 3N ±-functions. In this case the temperature of each body is di®erent than the temperature of the whole system. One can substitute the Jeans mass for that of Saturn and calculate an e®ective temperature of the system of T eff = 570 K using the initial radius 1£10 9 m and the mass of a proton. The corresponding velocity of a proton is about 4000 m/sec. One can suppose that the local clouds are expanding while the whole system is contracting. The temperature of the local cloud will decrease and proton's velocity will decrease as well. The contraction time obtained from the simulation is of the order of 1£10 5 sec. During this time if the proton moves with average velocity of 1000 m/sec., it will travel a distance of 1£10 8 m, that is about one tenth of the initial radius of the N-body sphere.
Due to random directions of local thermal movement not many protons escape from the system. This assumption allows considering systems much lighter than the Sun. Suppose that the ith body of the N-body cloud has a mass m i and coordinates x i , y i , z i . Then the total mass is given by
Although one can associate the mass M with the average density M=½ av V , this density used in the Jeans condition is di®erent from the density obtained in the present model
The stability of the system is revealed during the simulation when the relative positions between the bodies change very slowly from the beginning of the process during almost one third of the contraction time.
A new simulation program is designed for the modeling the gravitational contraction of the self-gravitating N-body system. The system has a shape of the sphere slightly°a ttened along the axis of rotation. Because the mass of the cloud is given by 3N ±-functions, the traditional codes are di±cult to apply to this system. We use a direct implementation of the equations of motion combining two mechanisms, the Newtonian gravitational interaction and conservation of angular momentum. The algorithm is based on calculations of the gravitational accelerations of all bodies and their displacements using the gravitational law in its original di®erential form
. In calculations of the gravitational masses, positions of all bodies are used. The rotational velocities w i are obtained by applying Kepler's second law for small angles given by
During gravitational attraction the velocities of the bodies increase towards the centre of mass. The total velocity of each body is a vectorial sum of the radial and tangential (orbital) velocities. An increase of the radial velocity results in an increase of the angular velocity calculated from Kepler's formula. As a result, the remote particles will rotate slower than those situated closer to the centre. Due to non-spherical geometry of the cloud, the disk will develop at the edges of the cloud in the rotation plane. In addition, the rotational movement of the system will lead to its shrinking along z-axis and°attening of the planet. The charged particles of the faster rotating core of the planet will establish the magnetic¯eld. This magnetic¯eld will interact with the charged particles of the disk and,¯nally, this interaction results in the formation of Saturn's disk structure.
Theoretical
It is assumed that prior to its present form the Saturn-like planet had consisted of a slightly deformed spherical cloud of particles. The number of particles in gravitational systems may be very large and ill-de¯ned and, therefore, to simplify the model we combine neighbouring particles into clusters and consider the gravitational interaction between these clusters resulting in self-contraction of the cloud. One can imagine that two particles situated near each other will have the same gravitational acceleration due to interaction with all the other particles. Therefore, by combining them into a cluster implies that we consider the movement of their centre of mass. The gravitational law for a cluster can be written in the form
where G is the universal gravitational constant, M the gravitational mass, ½ av an average density, r the distance between the cluster and the centre of mass of the whole system, P is the internal pressure, S eff an e®ective cross section and m the mass of the cluster. The initial condition comprises randomly distributed distances, r, of the clusters. Their speeds are zero and the average density ½ av (t=0) = ½ 0 . Suppose that the time steps are small enough so that during one time step the average density does not change. Then the solution of the di®erential equation (3) is given by
At the beginning of the process the cloud contracts without changing its structure. Suppose that the internal pressure is very small at the beginning of the process. Then Eq. 3 describes a simple harmonic oscillator with the frequency given by
being a linear function of r at a particular time. At small internal pressure the average density ½ av is given by
This density does not depend on the distance, r, and is therefore constant within the volume of the cloud.
Consider Eq. 3 when speeds are not zero. By substituting r = Acos(!t) + Bsin(!t)+ pressure term into Eq. 3 we get the solution at A = r 1 , B = ¡ À 1 =! and !r 2 = 4¼=3G½ av ,
here r 1 and v 1 are distance and the speed of the cluster at time t 1 . The following phenomenon can be deduced from this result: Consider any two clusters labelled i and j situated close to each other. Then there may exist a time ±t ij after which their distances from the centre become equal i.e.
±t ij depends on neither r 1 nor r 2 , but only on the derivative dÀ/dr. This means that more than two clusters can reach the same radius and this process will take place in the same volume resulting in increasing density at places in which dÀ/dr satis¯es the equation
Then the local density will vary leading to formation of structured spherical layers in accordance with the equation
where À is the speed and r the distance of the layer from the centre of mass. One can expect that the amplitude of the oscillation of the local density would increase towards the centre of mass because there are fewer clusters there and their speeds are smaller. The rotational movement is described using Kepler's second law. Due to small time intervals after which all velocities are recalculated, the Kepler's law can be applied to small angles
where ! i1 and ! i2 are rotational velocities separated by one time step. The associated additional displacement is calculated adding to a full displacement of the cluster.
There arises a question as to how the angular momenta of the clusters relate to each other? One can expect that clusters situated closer to the centre of mass will have di®erent angular velocities due to strong dissipation process. For remote clusters, the gravitational masses will di®er very little because most of the clusters are concentrated closer to the centre. Therefore, for a remote cluster one can rewrite Eq. 9 using Eq. 4 as
where ¢t is the travelling time from r i1 to r i2 . This ratio does not depend on r i . For the same travelling times other remote clusters will have the same relation leading us to a conclusion that
This equation implies that during the gravitational contraction the angular momenta of the remote clusters equalize. Then there exists a curve !(r) which¯t all the values ! i (r i ) of remote clusters. One can expect that this curve terminates on the surface of the planet. Then Eq. 11 can be written as
here r s is the planet's radius and ! S its angular velocity. These parameters are known for Saturn and, therefore, this equation can be used to get angular velocities of the remote clusters during planet's formation. We would notice that the¯nal angular velocities will change dramatically from Eq. 12 due to the electromagnetic interaction mechanism described below. In addition to gravitational contraction of the cloud, the disk itself shrinks along the z-axis. This gravitational shrinking is almost uniform resulting in a very thin disk. First estimates of the vertical thickness of the disk based on the photometric measurements yielded a thickness of one km [23, 24] . Then photo-polarimeter experiments revealed that the thickness is 200m [25] . The e®ective thickness now is estimated to be of the order of few tens of metres reported by Rosen and Lissauer [26] , Chakrabarti [27] and Rosen et al. [28] .
The magnetic forces play a very important role in the creation of the structured disk. This mechanism takes place at¯nal stage of the planet's formation. The magnetic¯eld is established by the rotating planet's core. In the equatorial plane, the plane of the disk, the angle between the velocity vector and magnetic¯eld is ¼/2 and therefore the magnetic force will be given simply by F m =qÀB where q is the charge of a particle. The additional increase of the orbital velocity is given by
where ® is a turning angle. The magnetic¯eld needed for turning the particle onto the orbit, corresponding to the angle alpha of ¼/2, is obtained from Eq. 13
It is remarkable that the magnetic¯eld does not depend on the velocity. It means that all similar charged particles of equal masses situated at the same distance from the centre will turn on their orbits during the same time. A typical gravitational contraction time of the¯nal stage when the system is already separated into two subsystems, planet and disk-forming cloud, is about 10000 seconds. One can estimate values of the magnetic¯eld needed to turn particles on to their orbits. For electron the magnetic¯eld is 0.9£10 ¡15 T.
For ionised hydrogen atom it will be 1.5£10 ¡12 T. How many charged particles have to rotate to produce that magnetic¯eld? To simplify the problem, consider only one circular loop of radius R inside the planet. Then the magnetic¯eld B outside the planet at equatorial plane is given by
where m L is the magnetic dipole moment, r is the distance from the centre, q is the charge of a particle, N number of the particles and ¹ 0 permeability of free space ¹ 0 = 4¼ £ 10 7 Henry/m. For an orbit of radius R = 2£10 7 m, the angular velocity estimated from Eq. 12
!=1£10
¡3 rad/sec. Using the value of elementary charge q=1.6£10 ¡19 C, the magnetic eld B=1£10 ¡10 T and mass of hydrogen atom m H = 1.66£10 ¡27 kg, the calculated number N is 2£10 29 and the total mass of N particles is as small as around 300 kg. This estimate suggests that during the gravitational contraction, a slow rotation of a large number of charged particles produces a su±cient magnetic¯eld to enable formation of the disk. Probably, the magnetic¯eld at that stage is much stronger. One can conclude that electrons will form a ring at earlier times and much further from the planet than hydrogen atoms. The electron's belt should rotate in opposite direction to the main disk. The ring structure observed on Saturn's disk can be related to a di®erent atomic structure. The magnetic force results in separate di®erent rings associated with di®erent masses of the particles and di®erent distances at the time when the magnetic¯eld \switched on". The disk is decomposed into light and heavy elements during electro-magnetic interaction. The heavier particles will establish rings closer to the planet. Very heavy particles will be not a®ected by the magnetic¯eld. Therefore, these particles will continue their movement towards the planet's remaining spokes-like structures on the disk. When approaching the planet the particles interact with each other and the e®ective cross section increases resulting in widening the spokes towards the planet's surface. This is clearly seen in the images of the B-ring. The gaps between the rings indicate the di®erences in the atomic masses. This can be possible if chemical composition of the particles is simple and particles consist of few atoms. The mass of the disk, in accordance with this mechanism, is much smaller than the mass of the planet. This correlates well with the observational data. The elliptical orbits observed on the disk support this model because the elliptical orbits may originate only if the particles change their trajectories from free fall.
To estimate the temperature of the system we consider each cluster as a volume of particles and correlate the thermal energy with the distribution of the kinetic energy of the system [29] . The classical methods for calculating the temperature could not be used directly because most of them describe systems in equilibrium at a constant temperature and constant chemical potential. However, we suppose that for a short period of time during which the acceleration is constant, the chemical potential is constant for a thin spherical layer. Therefore, the whole spherical volume can be divided into thin layers and we calculate the temperature of each layer from the equation
where m is the mass of a particle, ½ is the average density, ½ is the local density, À 2 is the average squared velocity of the layer. To estimate the internal pressure and its in°uence on the disk's structure one can write an equation for the work of the force F P associated with the pressure acting on a particle. The work of this force will be equal to the change of the kinetic energy of the particle.
where S ef f is a cross section of the particle, À i+ the velocity of the particle at distance r i without pressure and À i the velocity of the particle at the same position under pressure. The adiabatic process is described by the equation P 0 V°0 = PV°or
The values P 0 , V 0 and r 0 will be referred to the planet's surface. Suppose that at a distance r A the pressure and gravitation compensate each other. Then
where M is the mass of the planet and m being the particle mass. Then using Eq. 18 and Eq. 19 the surface pressure can be written as
The integral Eq. 17 can be transformed as follows
Then the actual velocity À i is given
The velocity at equilibrium is
The value of°is calculated using the de¯ning relation°= C P =C V . One can expect complex molecular structures with a big e®ective number of degrees of freedom including vibration. Then a model of the bent triatomic molecule can be applied. For this molecule type C V =3R/2 + 3R/2 + 6R/2=12R/2 ; C P = 14R=2;°= 7/6. Some examples of this type of molecules are H 2 O, ozone O 3 , SO 2 , H 2 S etc. If the number of degrees of freedom is very large or in¯nite then
If there are di®erent types of particles then the di®erent distances are obtained using the condition Eq. 20
This equation implies the formation of a structured disk. The radius depends on both parameters particle mass m i and its e®ective cross section S ef fi . During the formation of the planet the adiabatic coe±cient°can change also starting form 1.7 for a one-atom particles down to 1 for particles of many atoms. The structure of the disk associated with the variation of°depends on the number of degrees of freedom. Then using°=L 1 =L 2 where L 1 and L 2 are integers one can write Eq. 25 as
This equation explains the formation of numerous ringlets in the disk of Saturn due to variations of L 1 and L 2 . Because these values are integers, the discrete structure is obtained.
Comparison of the contributions of the gravitational attraction force and the force associated with the pressure reveals dramatic decrease of the pressure at large distances due to its dependence F p / r ¡3°w hiles the gravitational force F / r ¡2 .
Results
A special N-body simulation computer program has been designed for continuous calculation of the position, speed and acceleration of each cluster during gravitational contraction. The particles are randomly distributed within a deformed spherical volume at the initial time. The deformed shape is obtained by°attening the sphere by a coe±cient 0.8 along z-axis, the axis of rotation. The whole time range consists of short periods. During each period of time the clusters have constant accelerations that are di®erent for di®erent clusters. At the end of each period the acceleration of every cluster is re-calculated taking into account the new positions of the other clusters. In addition, rotational velocities are calculated using Eq. 9 and its contribution is added into¯nal displacements. In this model we use hydrogen atoms because it is believed that Saturn consists mostly of hydrogen. The total number of clusters used is 2500, having equal masses. These clusters have a total mass of 5.68£10 During this stage the structure of the cloud changes and the disk starts to form. The second stage is lasting from 1.0£10 5 to 1.45£10 5 seconds illustrated in Figure   2 . The gravitational contraction of the central part of the cloud occurs faster than the contraction of the disk. (iii) Figure 3 shows third, the shortest stage, lasting 1.45£10 5 to 1.5£10 5 seconds. At this stage, the planet approaches its present geometry and dynamics. The disk has still a relatively large mass of the order of 1£10 24 kg and contracts as well. But, the processes in the planet's cloud occur much faster than the contraction of the disk. The magnetic¯eld is established from the rotating core of the planet. The radiation coming from the planet ionises atoms in the disk's cloud. The magnetic forces acting on charged particles turn the particles onto circular orbits. The di®erence in masses and charges of di®erent ionised particles will result in formation of structured rings. Heavy particles continue their movement further towards the planet remaining traces on the disk known as spokes. The mass of the disk decreases dramatically because heavy particles move towards the planet. The stripes on the surface of the planet may be associated with this process as well. Finally, the disk becomes thinner and lighter. There is a region of very low density between the planet and the disk where the internal pressure dominates the gravitation. Comparison of the velocities of the simulation and observed orbital velocities of the disk reveal a perfect correlation.
The compared values are collected in Table 1 and 2. The observed data about Saturn's disk are reported by Cuzzi et al. [30] , Esposito et al. [31] and by Nicholson et al. [32] . The velocity di®erence associated with the radiation coming from the planet decreasing the velocities of the clusters in accordance with Eq. 23 is around 25%. The planet has its observed structure as well. It consists of concentric spherical shells. The outer shell has a spherical shape but is open at the top and bottom. The equatorial radius is about 6£10 7 m and that along the z-axis 5£10 7 m. This agrees very well with the observed values.
There is a post-formation process. This is a long-term process of electro-magnetic interaction between charged particles. The electrostatic interaction between positively charged particles and electrons may result in neutralisation of the particles.
The dynamics of the gravitational contraction is shown in Figures 4 and 5 . Velocities of all clusters versus distance are shown in Figures 4 and 5 for di®erent times. The observed orbital velocities of Saturn's rings and satellites are also included combined in Table 1 The rotational dynamics is presented in Figure 6 . Angular velocities of the clusters versus distance are shown for di®erent times. The solid line is calculated from Eq. 12 using Saturn's measured period of rotation of 10.233 hours. The surface of Saturn is also marked in the graph. Although at the beginning of the contraction all the clusters have the same angular velocity of 1.5£10
¡7 rad/sec., the clusters of the disk approach the curve given by Eq. 12 during the gravitational attraction, revealing the equalizing of their angular momenta. The clusters of the planet's cloud situated closer to the centre have a variety of angular velocities revealing a strong dissipation of the kinetic energy and a rise of the temperature. For the calculation of the temperature, each cluster is considered as a volume of separate atoms. The process of the gravitational contraction is an adiabatic one. The temperature of the contracting cloud is calculated using Eq. 16 and the results are shown in Figure 7 . The temperature has few prominent maxima. During the contraction process the temperature is higher at the edges of the cloud and then reaches its maximum of about 1x10 6 K in the central region of the planet at¯nal stage.
To conclude, the formation of Saturn and its disk is simulated using a new N-body model. The self-gravitating cloud contracts in accordance with Newtonian mechanics where interaction between all particles is taken into account. The rotation of the cloud is described by Kepler's second law applied to a short periods of time as a result of the conservation of angular momentum. The formation of the structured disk is incorporated with the interaction between the magnetic¯eld and the charged particles. Table 1 The observed orbital velocities and distances reported by NASA using the data of Voyager mission of a few Saturn's rings and satellites and the data obtained from computer simulation reported in this paper. The observed data are indicated in Figures 3 and 4 . The results of simulation correspond to the graph (c) of Figure 5 . ¤ This value is obtained after 1.5 x 10 5 sec. of contraction, it approaches 35000 m/sec. during nal stage Fig. 1 The formation of the Saturn-like planet is simulated using a new N-body model. The development of the N-body system is shown for rst stage of the formation from the beginning of the contraction during two thirds of the contraction time. The graphs are shown in two planes, the xy plane of rotation, graphs on the left, and in xz plane, graphs on the right. The corresponding times are (a) 0 sec., (b) 5.0£10
4 sec. and (c) 1.0£10 5 sec. The cloud contracts without signi cant change of its structure. The disk just starts to appear at the end of this stage. Fig. 2 The continuation of the formation process started in Figure 1 is shown for the second stage. The cloud separates into the central spherical cloud and the disk. The disk is relatively thick and massive. The system is shown for the times of (a) 1.20£10 5 sec., (b) 1.34£10 5 sec. and (c) 1.40£10 5 sec. Fig. 3 The most dynamical nal phase of the formation of the planet and its disk is shown in this Figure. The planet contracts much faster than the disk resulting in formation of the planet. The disk contracts slower and its diameter decreases slightly. The magnetic eld is established and charged particles turn to their round orbits due to magnetic forces. Heavy particles continue their movement towards the planet leaving spokes-like structure on the disk. Approaching the surface of the planet these heavy particles remain stripes on the surface indicating this stage of the planet formation. The gap between the planet and the disk is seen where the internal pressure dominates the gravitation. The planet and its disk is shown for the times of (a) 1. 
